We construct the perturbative solution of the charged black hole in the Kaluza-Klein spacetime with the matched asymptotic expansion method. The corrections to the thermodynamic variables are calculated up to the post-Newtonian order. We confirmed that the method can work very well in the Einstein-Maxwell theory.
where F µν is the field strength of the Maxwell field A µ defined by F µν = ∂ µ A ν − ∂ ν A µ . In this paper we choose the unit of G = 1, hereafter. The Einstein equation becomes
where the energy-momentum tensor is given by
and the field equation for the Maxwell field is
We consider a static localized black hole solution in the Kaluza-Klein spacetime which is called "caged black hole". Then we take the small black hole limit in which the scale of the black hole ρ 0 is much smaller than the compactification scale L. Since the Maxwell charge is bounded above by the extreme limit, it can be assumed to be the same order as the mass ∼ ρ n 0 . Therefore, we can perform the similar treatment with the neutral case [9, 10] . In this small black hole limit, we have two asymptotic zones. The spacetime asymptotes to the flat Kaluza-Klein spacetime in the asymptotic zone (ρ ≫ ρ 0 ), and the charged spherical black hole in the near zone (ρ ≪ L). Let us introduce two coordinate systems. In the asymptotic zone, it is better to use the cylindrical coordinates (r, z) as
in which the z-direction is periodic as z ∼ z + L. The periodicity requires that we must consider the gravity from the mirror images of the black hole. This is equivalent to the infinite array of black holes in the higher dimensional Minkowski spacetime. In the near zone, on the other hand, it is better to use the spherical coordinates (ρ, χ) in order to see the black hole perturbation as
In the asymptotic zone, the relation between two coordinate systems is r = ρ sin χ, z = ρ cos χ.
We expand the metric and the Maxwell field in both zones. In the near zone, we consider the black hole perturbation with the expansion parameter 1/L as
where
is the metric of the (n + 3)-dimensional background charged black hole spacetime
and σ is a dimensionless charge parameter which becomes |σ| = 1 in the extreme limit. The total mass of this black hole is
is the area of the k-dimensional unit sphere, S k . The background Maxwell field is
where the total charge of the background black hole is given by
and non-vanishing component of the field strength is the electric field
In the asymptotic zone, we consider the post-Newtonian expansion with the expansion parameter ρ 0 as
) and η µν is the metric of the (n + 3)-dimensional Kaluza-Klein spacetime (5) . The Maxwell field is also expanded in the same way. It is worth noting that the Newtonian approximation is the order of ρ n 0 because the mass M is written as ρ n 0 ∼ GM . Now, it is ready to consider the matching procedure between the two zones. In the limit ρ 0 ≪ L, there exists the overlap region (ρ 0 ≪ ρ ≪ L ), in which we will match the two expansions order by order. The "matching ladder" can be understood by the dimensional counting. If we take the harmonic gauge, the linear part of the post-Newtonian equation in the order of ρ m 0 becomes h
where = η µν ∂ µ ∂ ν . Since we consider the static spacetime, it reduces to the Laplace equation. The homogeneous solutions with a multipole l behave as ρ l and ρ −l−n . For the asymptotic zone, the near zone black hole seems to have multipole moments and behave as ρ −l−n . From the dimensional counting, the terms with
Therefore, the near solution of O(1/L k ) contributes to the asymptotic solution with the multipole l of O(ρ k+n+l 0
). Similarly, the gravity from the mirror images of the black hole affects the near zone geometry in the form of multipole moments at the infinity, which are proportional to ρ l . The dimensional counting shows
Then, the asymptotic solution of O(ρ m 0 ) determines to the near solution with the multipole l of O(1/L m+l ).
III. NEWTONIAN POTENTIAL IN ASYMPTOTIC ZONE
We start the matching of the near zone solutions with the Newtonian order solution in the asymptotic zone. We will omit the script "near" or "asym" for the brevity. As explained in the previous section, the near zone background metric of O(1/L 0 ) gives the correction to the asymptotic metric in O(ρ n 0 ). At this order, the solution is just the Newtonian potential from the array of the point source as in the neutral case [9] . In the harmonic gauge ∂ µh µν = 0 whereh µν = h µν − 1 2 hη µν , the linearized Einstein equation is
Since T µν is written in terms of the square of F µν and the leading order of F µν is the Newtonian order, the Einstein equation is the same as the vacuum case at this order (namely, T (n) µν = 0). The boundary condition in the overlap region is determined by the behavior of the near background metric. In the overlap region, the near zone background metric in the harmonic coordinates is given as O(1/L 0 ) terms in Eq. (D8), which becomes
Requiring the periodicity in z-direction and the harmonic condition, the homogeneous solution with a pole at the origin is given by
Since Φ ≃ ρ n 0 /ρ n as ρ ≪ L, the coefficients are determined by the match with Eq. (20) . This is equivalent to the Newtonian potential from the infinite array of point masses,
Imposing the Lorenz gauge
In the same way, the solution is given by
This is also equivalent to the potential obtained from the infinite array of point charges,
Now we can see that the gauge potential is proportional to the Newtonian potential,
Φ is expanded in the overlap region for r, z ≪ L,
where C ν l (x) is the Gegenbauer polynomial (see Appendix A for the definition).
IV. NEAR ZONE PERTURBATION
We now proceed to the leading order in the near zone. The leading order correction in the near zone comes from the asymptotic solution of O(ρ n 0 ) in the previous section. In this paper, we only consider the monopole (l = 0) correction
Here, we calculate the linear perturbation around the black hole metric of Eq. (9) as g µν = g
(BH) µν + h µν . Since we consider the static perturbation, we can set the following ansatz for the metric perturbation
and for the Maxwell field perturbation,
We write the linearized Einstein equation as
µν is the energy-momentum tensor of the background. The components of T
µν are given by
.n are coordinates of S n . The explicit forms for each components of δR µν and δS µν are given in Eqs. (C9) and (C10). The Maxwell equation becomes
This can be easily integrated as
where α 0 is an integral constant. Using the above and Eq. (C10), δS µν becomes
and
where δS µ ν = g (BH)µα δS αν . Subtracting the ρρ-component from the tt-component in Eq. (30), we obtain the following equation
which is the same with the neutral cases. Another independent equation comes from the χχ-component in Eq. (30),
Integrating Eq. (35), we have
where C 1 is an integral constant. Imposing
as the residual gauge condition, Eq. (37) can be solved as
where C 2 is an integral constant. To solve Eq. (36) in the gauge condition (38), we introduce a new variable defined by
where A 0 and B 0 are written by Ψ as
Using the above and Eq. (39), Eq. (36) becomes
and then the solution is given by
whereC 3 is an integral constant. Even after imposing the gauge condition (38), there is still remaining gauge degree of freedom ρ → ρ + δCρ n 0 /2ρ n−1 which changes Eqs. (39) and (43) as
Therefore C 2 can be the pure gauge and we define the gauge invariant combination C 3 ≡C 3 − nC 2 . Here, C 3 is the ambiguity of the bare mass and α 0 is the ambiguity of the bare charge which we can freely choose.
As the boundary condition at the horizon, we impose the regularity conditions for A 0 , B 0 and E 0 which fix the horizon position. We write the position of the outer event horizon as ρ + , which is the larger root of f (ρ) = 0,
The regularity of Ψ at ρ = ρ + is guranteed, this condition is satisfied if the right-hand side of Eq. (43) vanishes as ρ → ρ + , which gives
In general, the perturbed spacetime may not become extremal or neutral when the background spacetime is extremal (σ = 1) or neutral (σ = 0). Then, we will further fix the parameter region of σ so that the solution becomes extremal when σ = 1 and neutral when σ = 0. The extremal condition is attained by imposing that the right-hand side of Eq. (43) has the double roots, (f Ψ) ′ | ρ=ρ+,σ=1 = 0, which becomes
where we used Eq. (46). The neutral condition is
Although C i and α 0 may depend on σ in general, we can set these to satisfy the above conditions for not only σ = 0, 1 but also arbitrary σ as
Therefore, Ψ becomes to be zero, that is,
Then, from Eqs. (33), (39) and (41), the perturbation becomes
where α 1 is an integral constant. As a result, the near solutions depend on two parameters C 1 and α 1 , which are determined by matching with the asymptotic solutions in the overlap region.
V. MATCHING FROM THE NEWTONIAN POTENTIAL
As mentioned in Sec. II, the near zone monopole correction of O(1/L n ) comes from the monopole parts of the Newtonian order asymptotic solution. The monopole from the asymptotic zone behaves as a constant which has the dimensionless form, ρ n 0 /L n at the Newtonian order. Since the leading order terms in the near zone perturbation are not affected by the gauge transformation into the harmonic coordinates (D7), the near solution in the overlap region (ρ 0 ≪ ρ) becomes
On the other hand, the ρ n 0 /L n term in the expansion of the Newtonian potential (27) is
and then the matching provides
We now define the expansion parameter λ = ζ(n)ρ n 0 /L n . Also, for the Maxwell field the leading order term of the near solution matches the gauge potential φ of the asymptotic solution in the overlap region as
Then, combining Eq. (51) with the ansatz (28) and (29) , the near zone metric
and the gauge potential in the near zone is
From the leading order near solution (56), the correction to the local constants can be computed. The surface gravity κ becomes
is the surface gravity for L = ∞. The horizon area A becomes
where A 0 is the horizon area for L = ∞. We can also calculate the electrostatic potential U ,
where U 0 is the electrostatic potential for L = ∞. We note that the boundary condition of the asymptotic solution leads to A t | ρ=∞ = 0.
VI. MONOPOLE MATCHING IN POST-NEWTONIAN ORDER
The leading correction to the mass and tension in the asymptotic zone are computed through the monopole perturbation of the post-Newtonian order, O(ρ 
A. Post-Newtonian order perturbation equation
In the asymptotic zone, we consider perturbations of the metric and Maxwell fields to the post-Newtonian order,
where h 
where we used the Einstein equation of the Newtonian order, G
µν is the 2nd order perturbation of the Ricci tensor, which gives a source term from the Newtonian order of Eqs. (21) 
and (24). The Maxwell equation in this order is given by
Using Eq. (26), then, Eqs. (62) and (63) become
The general solution is constructed by the inhomogeneous and homogeneous solutions. The coefficients of the homogeneous solution are determined by the boundary condition. We write the general solution as follows
where Pf means the finite part of the integration and s t , s ij , s A are the dimensionless coefficients of the homogeneous solution. The Green function in the compact space, [−L/2, L/2] × R n+1 , is given by
where x is the coordinate vector of R n+1 , which gives r = |x|. We write the integrand as 
We extract the monopole
Meanwhile, the corresponding terms in the post-Newtonian solution (65) are
The finite part of the integration term in Eq. (65b) does not contribute to the monopole moment in the overlap region.
The matching between two solutions shows
Therefore, the post-Newtonian correction is determined as
VII. GLOBAL CHARGES AND THERMODYNAMICS
In this section, we compute the global charges and confirm that the first law of the thermodynamics holds for the current cases.
A. Global charges
Now, we calculate the post-Newtonian correction to the global charges. The (n + 2)-dimensional mass M and tension τ of the asymptotically Kaluza-Klein spacetime are determined by the asymptotic behavior [17, 18] ,
Then we find
The total electric charge Q is determined in the same way,
To extract the global charges, we take the limit, r ≫ L, z. As in Eq. (B1), Φ becomes
Since the Green function in Eq. (66) has the similar behavior as Φ, the integration becomes
Then, Eq. (72) gives
The second term in S zz (x) does not contribute to Eq. (81) because it is the total derivative. The finite part of the integration is computed in Ref. [10] Pf
As a result, the ADM mass and tension become
From Eq. (72c), the total charge Q becomes
At σ = 0, these results reproduce the results in the neutral case [10] . Moreover, in the extremal case (σ = 1) we can confirm that our results correspond to the exact solutions in Ref. [19] . The exact solutions of the (n + 3)-dimensional extremal caged black hole are given by
If we set µ = ρ n 0 (1 + λ)/2, at σ = 1 the perturbative solutions constructed agree with the above solutions up to O(λ). There is the apparent difference between our results and the results by the EFT calculation [16] . This simply comes from the ambiguity of the parameterization. For example, see Eqs. (3.7) and (3.25) in Ref. [16] which are M and τ . Changing the gauge condition in Eq. (49) gives the different length scale ρ 0 → ρ 0 (1 + ǫ 1 (σ)) and charge parameterization σ → σ(1 + ǫ 2 (λ, σ)). We note that, to keep σ = 1 to be the extreme limit, one requires ǫ 2 (λ, 1) = 0 further. To reproduce the results by the EFT, we should impose the following gauge condition, instead of Eq. (49),
B. First law and the Smarr formula
It is ready to confirm that our solutions satisfy the Smarr formula
and the first law
Collecting the thermodynamic variables from Eqs. (58), (59), (60), (83) and (84), we write
From the direct computation, the above expressions are easily confirmed to follow Eq. (89) up to O(λ).
To confirm the first law for the current case, we take the variation of M with L, A and Q. Changing the variables from (ρ 0 , λ, σ) to (L, A, Q), the variation becomes
Using L = ζ(n)
Using this, we can show that the variation of M satisfies the first law (90) 
Note that this is also achieved through the Harrison transformation from the neutral seed solutions [20] . On the other hand, our argument gives us a direct confirmation using the direct construction of the perturbative solutions.
VIII. SUMMARY AND DISCUSSION
In this paper, we constructed the perturbative solution of the small black holes with the Maxwell charge in the caged spacetime using the matched asymptotic expansion. The expansion of the Maxwell field can be performed in the same way as the metric. Although our results seem different with the EFT calculation in Ref. [16] , this is just the difference in the parameterization. We also confirmed the first law and the Smarr formula, which were shown for a sequence of charged black objects in Kaluza-Klein spacetime in Ref. [20] .
The another way to construct the charged solution is using of the Harrison transformation [20, 21] which produces the charged dilatonic solution from the neutral seed solution. However, the charged stationary solution such like the rotating black ring cannot be produced by the Harrison transformation. In such case, one should rely on some perturbative methods with the Maxwell field as we used in this paper. Since the charged black ring is studied only by the blackfold approach [22] , it is also interesting to study the charged black ring beyond the blackfold approach.
We have not included the finite size effect which comes from the deformation of the horizon. To see this effect, we must consider the multipole perturbation which will be studied in the future work.
where C ν l (x) is written as
It follows the equation
Appendix B: Asymptotic limit of the Newtonian potential
In the limit, r ≫ z, L, the Newtonian potential Φ in Eq. (21a) behaves as
Appendix C: Multipole perturbation in the near zone
In this section, we give the equation for the multipole perturbation around the charged black hole.
Ansatz
The static spacetime can be written in this form,
In this ansatz, we consider the linear perturbations around the black hole as g µν = g
(BH) µν + h µν , where the background metric is given by
Since the background metric has SO(n + 2) symmetry, we can expand the perturbations in terms of the spherical harmonics on the (n + 1)-dimensional sphere. Here, we consider only scalar perturbations. We explicitly write all nonzero components of the perturbations, 
This is the same with one for the neutral case [9] . Similarly, definingΠ ≡ xΠ/(x + − x − ), Eq. (C14a) becomes the hypergeometric differential equation with a source term
where we defined e ≡ x − /(x + − x − ). So, our multipole solution, in general, can be written by four hypergeometric functions and the characteristic solution for Eq. (C17). In the neutral case, we do not need to solve the equation for Π, because Π is obtained directly from Ψ using Eqs. (C9c) and δR ρa = 0.
Appendix D: Gauge transformation into the harmonic coordinates
To match the near solution with the asymptotic solution in the overlap region, we need the near solution written in the harmonic gauge. If we write the harmonic coordinates as x µ h (x µ ) = (t, ρ h (ρ), χ, . . . ), the harmonic condition (∇ 2 x µ = 0) becomes
In the above, ∇ 2 is the Laplacian for the full near metric g µν = g
(BH) µν + h µν . Since the monopole perturbation does not depend on χ, Eq. (D1) up to O(1/L n ) becomes
where h (n) = A 0 + B 0 + (n + 1)E 0 is the trace of h (n)
µν . We expand ρ h as ρ h = ρ 
h .
Assuming ρ h → ρ as ρ → ∞, the solution is given by 
The O(1/L n ) equation is
h − (n + 1)ρ n−1 E 0 ρ
